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Conjugate Curvilinear Coordinate Nets

We start from the linear system

∂iHk = βikHi , i 6= k,

where Hi and rotation coeffi cients βik depend on N independent variables
r k .

The compatibility conditions ∂i (∂jHk ) = ∂j (∂iHk ) for every triad of
distinct indices lead to the Lame system

∂i βjk = βji βik , i 6= j 6= k.

This system also can be obtained from the compatibility conditions
∂i (∂jψk ) = ∂j (∂iψk ) for every triad of distinct indices, where the vector
function ψi satisfies the adjoint linear system

∂iψk = βkiψi , i 6= k .
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Lax Representation

According to a standard approach in the theory of integrable systems, we
say:

the Lame system
∂i βjk = βji βik , i 6= j 6= k

is integrable by the Inverse Scattering Transform, because this system has
the Lax representation

∂iHk = βikHi , i 6= k,
or the adjoint Lax representation

∂iψk = βkiψi , i 6= k .
The Lame system is a 3D integrable system. Indeed, it is easy to see for
every three distinct indices:

∂r 1β23 = β21β13, ∂r 1β32 = β31β12,

∂r 2β13 = β12β23, ∂r 2β31 = β32β21,

∂r 3β12 = β13β32, ∂r 3β21 = β23β31.
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Conjugate Egorov Curvilinear Coordinate Nets

The Lame system
∂i βjk = βji βik , i 6= j 6= k ,

is determined by two alternative Lax representations

∂iHk = βikHi , ∂iψk = βkiψi , i 6= k.

Now we consider the 3D symmetric reduction

βik = βki , i 6= k.
In this case, both Lax representations coincide with each other (i.e.
ψi ≡ Hi ). This means, symmetric rotation coeffi cients βik of conjugate
Egorov curvilinear nets satisfy the Lame—Egorov system

∂i βjk = βji βik , i 6= j 6= k; βik = βki , i 6= k.
Again in the three dimensional case we have only three equations (instead
of six equations without the symmetric reduction)

∂r 1β23 = β21β13, ∂r 2β13 = β12β23, ∂r 3β12 = β13β32.
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Conjugate Linearly Degenerate Curvilinear Coordinate Nets

The Lame system
∂i βjk = βji βik , i 6= j 6= k ,

is determined by two alternative Lax representations

∂iHk = βikHi , ∂iψk = βkiψi , i 6= k.

Now we consider the reduction

∂i βkk = βik βki , ∂k ln βik = βkk , i 6= k.

In this case the Lame system is the so called Darboux solvable. All
rotation coeffi cients βik (r) can be found explicitly. This case is known in
the theory of semi-Hamiltonian hydrodynamic type systems as linearly
degenerate. See: E.V. Ferapontov (1991).
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Conjugate Temple Curvilinear Coordinate Nets

The Lame system
∂i βjk = βji βik , i 6= j 6= k ,

is determined by two alternative Lax representations

∂iHk = βikHi , ∂iψk = βkiψi , i 6= k.

Now we consider the second reduction

∂i βkk = βik βki , ∂k ln βki = βkk , i 6= k.

Obviously, in this case the Lame system is Darboux solvable as well as in
the linearly degenerate case selected by the first reduction

∂i βkk = βik βki , ∂k ln βik = βkk , i 6= k.

This case is known in the theory of semi-Hamiltonian hydrodynamic type
systems as hydrodynamic type systems of Temple’s class.
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Conjugate Egorov Linearly Degenerate Curvilinear
Coordinate Nets

The Lame—Egorov system

∂i βjk = βji βik , i 6= j 6= k; βik = βki , i 6= k

is determined by the Lax representation

∂iHk = βikHi , i 6= k.

Now we consider the first reduction (linearly degeneracy)

∂i βkk = βik βki , ∂k ln βik = βkk , i 6= k.

This particular class of conjugate curvilinear coordinate nets is not yet
described.
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Conjugate Egorov—Temple Curvilinear Coordinate Nets

The Lame—Egorov system

∂i βjk = βji βik , i 6= j 6= k; βik = βki , i 6= k.

is determined by the Lax representation

∂iHk = βikHi , i 6= k.

Now we consider the second reduction (Temple’s class)

∂i βkk = βik βki , ∂k ln βki = βkk , i 6= k.

This particular class of conjugate curvilinear coordinate nets is not yet
described.
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Conjugate Temple Linearly Degenerate Curvilinear
Coordinate Nets

The Lame system
∂i βjk = βji βik , i 6= j 6= k ,

is determined by two alternative Lax representations

∂iHk = βikHi , ∂iψk = βkiψi , i 6= k.

Now we consider both reductions simultaneously

∂i βkk = βik βki , ∂k ln βik = βkk , ∂k ln βki = βkk , i 6= k.

Then all above nonlinear equations can be written in the compact form
(no restrictions on coincided indices!)

∂i βjk = βji βik .

This particular class of conjugate curvilinear coordinate nets is described
below.
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A Complete Description of Conjugate Temple Linearly
Degenerate Curvilinear Coordinate Nets

Let us introduce the N ×N matrix ε̂ with diagonal entries r1, . . . , rN (so
that εii = r i ) and off-diagonal entries εik =const, k 6= i .

Define another matrix β̂ = −ε̂−1.
Then one can see that the coeffi cients βik of this matrix β̂ satisfy the
nonlinear system

∂i βjk = βji βik .

Indeed, differentiation of βkmεmi = −δik with respect to any variable r
j

implies
0 = βim∂jε

mk + (∂jβim)ε
mk .

Multiplying by the matrix β̂, one can obtain

0 = βim(∂jε
mk )βks + (∂jβim)ε

mk βks .

Taking into account βkmεmi = −δik , finally we have

∂jβis = βim(∂jε
mk )βks ≡ βijβjs .
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Then one can see that the coeffi cients βik of this matrix β̂ satisfy the
nonlinear system

∂i βjk = βji βik .

Indeed, differentiation of βkmεmi = −δik with respect to any variable r
j

implies
0 = βim∂jε

mk + (∂jβim)ε
mk .

Multiplying by the matrix β̂, one can obtain

0 = βim(∂jε
mk )βks + (∂jβim)ε

mk βks .

Taking into account βkmεmi = −δik , finally we have

∂jβis = βim(∂jε
mk )βks ≡ βijβjs .
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A Complete Description of Conjugate Temple Linearly
Degenerate Curvilinear Coordinate Nets

Vice Versa: Assume that the coeffi cients βik of the N ×N matrix β̂ satisfy
the nonlinear system

∂i βjk = βji βik .

Define another matrix ε̂ = −β̂
−1
.

Multiplying both sides of the above nonlinear system ∂i βjk = βji βik by εpj

from the left, and by εkq from the right, we obtain

εpj (∂i βjk )ε
kq = (εpjβji )(βik εkq) = δpi δqi .

Again, taking into account βkmεmi = −δik , the l.h.s. of the above
expression becomes

εpj (∂i βjk )ε
kq=εpj [∂i (βjk εkq)− βjk∂i ε

kq ]=[∂i (εpjβjk )− (∂i εpj )βjk ]εkq=∂i ε
pq .

This means: the general solution of the system ∂i ε
pq = δpi δqi is determined

by the N ×N matrix ε̂ with diagonal entries r1, . . . , rN (so that εii = r i )
and off-diagonal entries εik =const, k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 11 / 43



A Complete Description of Conjugate Temple Linearly
Degenerate Curvilinear Coordinate Nets

Vice Versa: Assume that the coeffi cients βik of the N ×N matrix β̂ satisfy
the nonlinear system

∂i βjk = βji βik .

Define another matrix ε̂ = −β̂
−1
.

Multiplying both sides of the above nonlinear system ∂i βjk = βji βik by εpj

from the left, and by εkq from the right, we obtain

εpj (∂i βjk )ε
kq = (εpjβji )(βik εkq) = δpi δqi .

Again, taking into account βkmεmi = −δik , the l.h.s. of the above
expression becomes

εpj (∂i βjk )ε
kq=εpj [∂i (βjk εkq)− βjk∂i ε

kq ]=[∂i (εpjβjk )− (∂i εpj )βjk ]εkq=∂i ε
pq .

This means: the general solution of the system ∂i ε
pq = δpi δqi is determined

by the N ×N matrix ε̂ with diagonal entries r1, . . . , rN (so that εii = r i )
and off-diagonal entries εik =const, k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 11 / 43



A Complete Description of Conjugate Temple Linearly
Degenerate Curvilinear Coordinate Nets

Vice Versa: Assume that the coeffi cients βik of the N ×N matrix β̂ satisfy
the nonlinear system

∂i βjk = βji βik .

Define another matrix ε̂ = −β̂
−1
.

Multiplying both sides of the above nonlinear system ∂i βjk = βji βik by εpj

from the left, and by εkq from the right, we obtain

εpj (∂i βjk )ε
kq = (εpjβji )(βik εkq) = δpi δqi .

Again, taking into account βkmεmi = −δik , the l.h.s. of the above
expression becomes

εpj (∂i βjk )ε
kq=εpj [∂i (βjk εkq)− βjk∂i ε

kq ]=[∂i (εpjβjk )− (∂i εpj )βjk ]εkq=∂i ε
pq .

This means: the general solution of the system ∂i ε
pq = δpi δqi is determined

by the N ×N matrix ε̂ with diagonal entries r1, . . . , rN (so that εii = r i )
and off-diagonal entries εik =const, k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 11 / 43



A Complete Description of Conjugate Temple Linearly
Degenerate Curvilinear Coordinate Nets

Vice Versa: Assume that the coeffi cients βik of the N ×N matrix β̂ satisfy
the nonlinear system

∂i βjk = βji βik .

Define another matrix ε̂ = −β̂
−1
.

Multiplying both sides of the above nonlinear system ∂i βjk = βji βik by εpj

from the left, and by εkq from the right, we obtain

εpj (∂i βjk )ε
kq = (εpjβji )(βik εkq) = δpi δqi .

Again, taking into account βkmεmi = −δik , the l.h.s. of the above
expression becomes

εpj (∂i βjk )ε
kq=εpj [∂i (βjk εkq)− βjk∂i ε

kq ]=[∂i (εpjβjk )− (∂i εpj )βjk ]εkq=∂i ε
pq .

This means: the general solution of the system ∂i ε
pq = δpi δqi is determined

by the N ×N matrix ε̂ with diagonal entries r1, . . . , rN (so that εii = r i )
and off-diagonal entries εik =const, k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 11 / 43



A Complete Description of Conjugate Temple Linearly
Degenerate Curvilinear Coordinate Nets

Vice Versa: Assume that the coeffi cients βik of the N ×N matrix β̂ satisfy
the nonlinear system

∂i βjk = βji βik .

Define another matrix ε̂ = −β̂
−1
.

Multiplying both sides of the above nonlinear system ∂i βjk = βji βik by εpj

from the left, and by εkq from the right, we obtain

εpj (∂i βjk )ε
kq = (εpjβji )(βik εkq) = δpi δqi .

Again, taking into account βkmεmi = −δik , the l.h.s. of the above
expression becomes

εpj (∂i βjk )ε
kq=εpj [∂i (βjk εkq)− βjk∂i ε

kq ]=[∂i (εpjβjk )− (∂i εpj )βjk ]εkq=∂i ε
pq .

This means: the general solution of the system ∂i ε
pq = δpi δqi is determined

by the N ×N matrix ε̂ with diagonal entries r1, . . . , rN (so that εii = r i )
and off-diagonal entries εik =const, k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 11 / 43



Orthogonal Curvilinear Coordinate Nets

The Lame system
∂i βjk = βji βik , i 6= j 6= k ,

is determined by two alternative Lax representations

∂iHk = βikHi , ∂iψk = βkiψi , i 6= k.

Now we consider the 3D reduction (here ψi ,i ≡ ∂iψi )

Hi = ψi ,i + ∑
m 6=i

βmiψm .

The above Lax representations are connected to each other via this
differential substitution of first order, if rotation coeffi cients βik satisfy to
extra set of nonlinear equations (the Gauss system)

∂i βik + ∂k βki + ∑
m 6=i ,k

βmi βmk = 0, i 6= k.

Thus, the Darboux—Lame system is

∂i βjk = βji βik , i 6= j 6= k; ∂i βik + ∂k βki + ∑
m 6=i ,k

βmi βmk = 0, i 6= k.
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Egorov Orthogonal Curvilinear Coordinate Nets

The Darboux—Lame system

∂i βjk = βji βik , i 6= j 6= k; ∂i βik + ∂k βki + ∑
m 6=i ,k

βmi βmk = 0, i 6= k,

is determined by the Lax representation (here ψi ,i ≡ ∂iψi )

∂iHk = βikHi , ∂iψk = βkiψi , i 6= k ; Hi = ψi ,i + ∑
m 6=i

βmiψm .

Now we consider the 3D symmetric reduction βik = βki .
Then the Gauss system

∂i βik + ∂k βki + ∑
m 6=i ,k

βmi βmk = 0, i 6= k,

reduces to the form δβik = 0, while the differential substitution

Hi = ψi ,i + ∑
m 6=i

βmiψm

becomes Hi = δψi , where δ = Σ∂/∂rm is a shift symmetry operator.
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Frobenius Manifolds

The Darboux—Lame—Egorov system

∂i βjk = βji βik , i 6= j 6= k ; δβik = 0,

is determined by the Lax representation (here ψi ,i ≡ ∂iψi )

∂iHk = βikHi , i 6= k; λHi = δHi ,

where λ is a spectral parameter.

This is 2D integrable system, obtained on
the intersection of two 3D reductions (Egorov case + Orthogonal case).
The concept of a Frobenius manifold appears in extension of the
Darboux—Lame—Egorov system:

∂i βjk = βji βik , i 6= j 6= k; δβik = 0, R̂βik = −βik ,

where R̂ = Σrm∂/∂rm is the Euler (scaling) symmetry operator.
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A Simplest Nontrivial Example of Egorov Curvilinear
Coordinate Nets

Let us introduce the N ×N symmetric matrix ε̂ with diagonal entries
r1, . . . , rN (so that εii = r i ) and off-diagonal entries
εik = εki =const, k 6= i .

Define another symmetric matrix β̂ = −ε̂−1.
Then the symmetric coeffi cients βik of this matrix β̂ satisfy the nonlinear
system

∂i βjk = βji βik , βik = βki .

This system belongs to Temple’s class and to a linearly degenerate type,
simultaneously.
This problem was investigated by B.A. Dubrovin, S.A. Zykov and MVP
(2011). This research is incomplete! This means: constant coeffi cients εik

are not completely described for the orthogonal case ∂i βjk = βji βik ,
βik = βki , δβik = 0. This means: constant coeffi cients εik are not
completely described for the case of Frobenius manifolds ∂i βjk = βji βik ,

βik = βki , δβik = 0, R̂βik = −βik .
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Coordinate Nets
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Then the symmetric coeffi cients βik of this matrix β̂ satisfy the nonlinear
system

∂i βjk = βji βik , βik = βki .

This system belongs to Temple’s class and to a linearly degenerate type,
simultaneously.
This problem was investigated by B.A. Dubrovin, S.A. Zykov and MVP
(2011).
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Lax Representation

According to standard approach in the theory of integrable systems, we
say:

the Lame system
∂i βjk = βji βik , i 6= j 6= k

is integrable by the Inverse Scattering Transform, because this system has
the Lax representation

∂iHk = βikHi , i 6= k,

or the adjoint Lax representation

∂iψk = βkiψi , i 6= k .

We remind that the Lame system is a 3D integrable system.
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Alternative Approach. Exceptional Lax Representations

However, we can follow to an alternative strategy.

One can select any pair of particular solutions H̄i and H̃i of the first linear
system

∂iHk = βikHi , i 6= k.
Here we remind that independent variables are r k . So, ∂k ≡ ∂/∂r k .
Now we introduce an N component hydrodynamic type system

r it = µi (r)r ix ,

whose characteristic velocities

µi (r) =
H̃i
H̄i
.

This hydrodynamic type system is integrable by Tsarev’s Generalised
Hodograph Method. In this construction: Riemann invariants r k are
functions of two independent variables x and t only.
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Commuting Flows

Integrable N component hydrodynamic type system

r it = µi (r)r ix
has infinitely many commuting flows (τ is the so called group parameter in
the Lie group analysis, or an auxiliary time variable)

r iτ = ζ i (r)r ix .

This means, that the Riemann invariants r i no longer depend on two
independent variables x and t only. Now, the Riemann invariants r i

depend on three independent variables x , t, τ simultaneously.

This means, that the Riemann invariants r i (x , t, τ) solve two N
component hydrodynamic type systems

r it = µi (r)r ix , r
i
τ = ζ i (r)r ix ,

where the time variable τ is hidden in the first hydrodynamic type system,
while the time variable t is hidden in the second hydrodynamic type
system. Then both hydrodynamic type systems must commute with each
other.
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Commuting Flows

The compatibility conditions (r it )τ = (r iτ)t lead to the Tsarev conditions

∂kµi

µk − µi
=

∂k ζ i

ζk − ζ i
, i 6= k.

Taking into account the definition of the Lame coeffi cients

∂k ln H̄i =
∂kµi

µk − µi
, i 6= k ,

the Tsarev conditions show that both commuting hydrodynamic type
systems

r it = µi (r)r ix , r
i
τ = ζ i (r)r ix

have the same diagonal metric gkk (r) = H̄2k .
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Integrability of Diagonalisable Hydrodynamic Type Systems

Any diagonalisable hydrodynamic type system

r it = µi (r)r ix , i = 1, 2, ...,N

is integrable by Tsarev’s Generalised Hodograph Method

x + µi (r)t = ζ i (r),

if and only if the integrability condition (here ∂k ≡ ∂/∂r k )

∂j
∂kµi

µk − µi
= ∂k

∂jµ
i

µj − µi
, i 6= j 6= k

is fulfilled. Here we remind that diagonal metric coeffi cients gkk (r) = H̄2k
are determined by

∂k ln H̄i =
∂kµi

µk − µi
, i 6= k ,

while ζ i (r) satisfy to the linear system

∂k ζ i =
∂kµi

µk − µi
(ζk − ζ i ), i 6= k.
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El’s Nonlocal Kinetic Equation

El’s integro-differential kinetic equation for dense soliton gas (2003)

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ,

where f (η) = f (η, x , t) is a distribution function and s(η) = s(η, x , t) is
the associated transport velocity. Here the variable η is the spectral
parameter in the Lax pair; the function S(η) (free soliton velocity) and the
kernel G (µ, η) (phase shift due to pairwise soliton collisions) are
independent of x and t. The kernel G (µ, η) is assumed to be symmetric:
G (µ, η) = G (η, µ). This system describes the evolution of a dense soliton
gas and represents a broad generalisation of Zakharov’s kinetic equation
for rarefied soliton gas. In this case

S(η) = 4η2, G (µ, η) =
1

ηµ
log

∣∣∣∣η − µ

η + µ

∣∣∣∣ ,
the above system was derived by G. El as thermodynamic limit of the KdV
Whitham equations.
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El’s Nonlocal Kinetic Equation. Zakharov Approximation

El’s integro-differential kinetic equation for dense soliton gas (2003)

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ.

Taking into account the dependence S(η) = 4η2, the integral equation

s(η) = 4η2 +

∞∫
0

G (µ, η)f (µ)[s(µ)− s(η)] dµ

in the zero-order approximation is s(η) = 4η2 only. This means, in the
first-order approximation, one can obtain

s(η) = 4η2 +

∞∫
0

G (µ, η)f (µ)(4µ2 − 4η2)dµ.

It was exactly equation derived by V.E. Zakharov for rarefied gas in 1971.
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Hydrodynamic Reductions. Dirac Delta-Functional Ansatz

Under a delta-functional ansatz (an iso-spectral case, 2010, G.A. El, A.M.
Kamchatnov, MVP, S.A. Zykov),

f (η, x , t) =
n

∑
i=1
ui (x , t) δ(η − ηi ),

system

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ,

reduces to a n× n quasilinear system for ui (x , t),

uit = (u
iv i )x ,

where v i can be recovered from the linear system (here ξ i = −S(ηi ))

v i = ξ i + ∑
m 6=i

εmium(vm − v i ), εki = G (ηk , ηi ), k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 23 / 43



Hydrodynamic Reductions. Dirac Delta-Functional Ansatz

Under a delta-functional ansatz (an iso-spectral case, 2010, G.A. El, A.M.
Kamchatnov, MVP, S.A. Zykov),

f (η, x , t) =
n

∑
i=1
ui (x , t) δ(η − ηi ),

system

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ,

reduces to a n× n quasilinear system for ui (x , t),

uit = (u
iv i )x ,

where v i can be recovered from the linear system (here ξ i = −S(ηi ))

v i = ξ i + ∑
m 6=i

εmium(vm − v i ), εki = G (ηk , ηi ), k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 23 / 43



Hydrodynamic Reductions. Dirac Delta-Functional Ansatz

Under a delta-functional ansatz (an iso-spectral case, 2010, G.A. El, A.M.
Kamchatnov, MVP, S.A. Zykov),

f (η, x , t) =
n

∑
i=1
ui (x , t) δ(η − ηi ),

system

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ,

reduces to a n× n quasilinear system for ui (x , t),

uit = (u
iv i )x ,

where v i can be recovered from the linear system (here ξ i = −S(ηi ))

v i = ξ i + ∑
m 6=i

εmium(vm − v i ), εki = G (ηk , ηi ), k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 23 / 43



Hydrodynamic Reductions. Dirac Delta-Functional Ansatz

Under a delta-functional ansatz (an iso-spectral case, 2010, G.A. El, A.M.
Kamchatnov, MVP, S.A. Zykov),

f (η, x , t) =
n

∑
i=1
ui (x , t) δ(η − ηi ),

system

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ,

reduces to a n× n quasilinear system for ui (x , t),

uit = (u
iv i )x ,

where v i can be recovered from the linear system (here ξ i = −S(ηi ))

v i = ξ i + ∑
m 6=i

εmium(vm − v i ), εki = G (ηk , ηi ), k 6= i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 23 / 43



Parametrisation

Now we introduce the new field variables r i by the formula

r i = − 1
ui

(
1+ ∑

m 6=i
εmium

)
.

In these dependent variables r i , the quasilinear system

uit = (u
iv i )x ,

reduces to a diagonal form
r it = v

i r ix ,

where velocities v i can be expressed in terms of Riemann invariants as
follows. Let us introduce the N ×N matrix ε̂ with diagonal entries
r1, . . . , rN (so that εii = r i ) and off-diagonal entries
εik = G (ηi , ηk ), k 6= i .
Define another symmetric matrix β̂ = −ε̂−1.
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Tsarev’s Generalised Hodograph Method

Denote βik the matrix elements of the matrix β̂ (indices i and k are
allowed to coincide). Then we obtain the following formulae for ui , v i :

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi .

Then the general solution of the diagonal system

r it = v
i r ix ,

is determined by

x + ξ i t = Pi (r
i )− r iP ′i (r i )− ∑

m 6=i
εmiP ′m(r

m), i = 1, 2, ...,N,

where Pi (r i ), i = 1, . . . ,N, are arbitrary functions.
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Tsarev’s Generalised Hodograph Method

Denote βik the matrix elements of the matrix β̂ (indices i and k are
allowed to coincide). Then we obtain the following formulae for ui , v i :

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi .

Then the general solution of the diagonal system

r it = v
i r ix ,

is determined by

x + ξ i t = Pi (r
i )− r iP ′i (r i )− ∑

m 6=i
εmiP ′m(r

m), i = 1, 2, ...,N,
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Tsarev’s Generalised Hodograph Method

Under the re-parametrization

P ′′k (ξ) = −
φk (ξ)

f (ξ)

the generalized hodograph solution

x + ξ i t = Pi (r
i )− r iP ′i (r i )− ∑

m 6=i
εmiP ′m(r

m), i = 1, 2, ...,N,

becomes

x + ξ i t =

r i∫
ξφi (ξ)

f (ξ)
dξ + ∑

m 6=i
εmi

rm∫
φm(ξ)

f (ξ)
dξ .
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Tsarev’s Generalised Hodograph Method

Now we consider the particular choice of f (ξ) defined as f (ξ) =
√
RK (ξ),

where

RK (ξ) =
K

∏
m=1

(ξ − Em) ,

and E1 < E2 < · · · < EK are real constants (K = 2N + 1 and
K = 2N + 2 for odd and even number of branch points of this
hyperelliptic curve of a genus N); and φk (ξ) being arbitrary polynomials in
ξ of degrees less than N.

Then the generalized hodograph solution

x + ξ i t =

r i∫
ξφi (ξ)

f (ξ)
dξ + ∑

m 6=i
εmi

rm∫
φm(ξ)

f (ξ)
dξ ,

describes quasiperiodic solutions of the form

x + ξ i t =

r i∫
ξφi (ξ)dξ√
RK (ξ)

+ ∑
m 6=i

εmi
rm∫

φm(ξ)dξ√
RK (ξ)

, i = 1, 2, ...,N.
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A Nijenhuis tensor

Recall that, given an affi nor V ik , its Haantjes tensor is defined by the
formula

H ijk = N
i
prV

p
j V

r
k −N

p
jrV

i
pV

r
k −N

p
rkV

i
pV

r
j +N

p
jkV

i
r V

r
p ,

where
N ijk = V

p
j ∂pV ik − V

p
k ∂pV ij − V ip(∂jV pk − ∂kV

p
j )

is a Nijenhuis tensor.

In a generic case all characteristic velocities µk are pairwise distinct. If all
components of a Nijenhuis tensor vanish, then corresponding
hydrodynamic type system

uit = V
i
k (u)u

k
x

can be reduced to the totally decoupled form

ũit = µi (ũi )ũix

by an appropriate invertible point transformation ũk (u).
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N ijk = V
p
j ∂pV ik − V

p
k ∂pV ij − V ip(∂jV pk − ∂kV

p
j ).

In a generic case all characteristic velocities µk are pairwise distinct. If all
components of a Haantjes tensor vanish, then corresponding hydrodynamic
type system

uit = V
i
k (u)u

k
x

can be diagonalised, i.e. rewritten in the Riemann invariants

r it = µi (r)r ix

by an appropriate invertible point transformation r k (u).
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A Haantjes tensor and Integrable Hydrodynamic Type
Systems

If all components of a Haantjes tensor

H ijk = N
i
prV

p
j V

r
k −N

p
jrV

i
pV

r
k −N

p
rkV

i
pV

r
j +N

p
jkV

i
r V

r
p

vanish,

but not all characteristic velocities µk are pairwise distinct, then
corresponding hydrodynamic type system

uit = V
i
k (u)u

k
x

cannot be diagonalised, i.e. cannot be rewritten in the Riemann
invariants

r it = µi (r)r ix .

The Statement: If a hydrodynamic type system is integrable by Tsarev’s
Generalised Hodograph Method, then all components of a Haantjes tensor
vanish. Then this hydrodynamic type system can be reduced to a
block-diagonal structure by an appropriate invertible point transformation
ũk (u).
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Hydrodynamic Reductions. Dirac Delta-Functional Ansatz

Under a delta-functional ansatz (a non-isospectral case, 2012, G.A. El,
V.B. Taranov, MVP),

f (η, x , t) =
N

∑
i=1
ui (x , t) δ(η − ηi (x , t)),

system

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ,

reduces to a 2N × 2N quasilinear system for ui (x , t) and ηi (x , t),

uit = (u
iv i )x , ηit = v

iηix ,

where v i can be recovered from the linear system (here ξ i = −S(ηi ))
v i = ξ i + ∑

m 6=i
εmium(vm − v i ), εki = G (ηk , ηi ), k 6= i .
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Block-Diagonal Hydrodynamic Type Systems

Introducing new field variables

r i = − 1
ui

(
1+ ∑

m 6=i
εmium

)
,

this 2N × 2N quasilinear system

uit = (u
iv i )x , ηit = v

iηix ,

can be rewritten in a block-diagonal form

r it = v
i r ix + p

iηix , ηit = v
iηix ,

where

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi , p
i =

1
ui

(
∑
m 6=i

εmi,ηi (v
m − v i )um + (ξ i )′

)
.
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Block-Diagonal Hydrodynamic Type Systems

Now we study integrability aspects of quasilinear systems

uit = V
i
k (u)u

k
x ,

whose matrix V consists of N Jordan blocks of size 2× 2:
r it = v

i r ix + p
iηix ,

ηit = v
iηix ,

i = 1, . . . ,N, where the coeffi cients v i (r , η) and pi (r , η) are functions of
the N dependent variables r = (r1, . . . , rN ) and N dependent variables
η = (η1, . . . , ηN ).

Their commuting flows uiy = W
i
k (u)u

k
x are in the same form (2021, E.V.

Ferapontov, MVP)
r iy = w

i r ix + q
iηix ,

ηiy = w
iηix .

Then unknown expressions w i (r, η), qi (r, η) can be found from the
compatibility conditions (r iy )t = (r

i
t )y , (η

i
y )t = (η

i
t )y , i = 1, 2, ...,N.
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Block-Diagonal Hydrodynamic Type Systems

Indeed, the compatibility conditions

(r iy )t = (r
i
t )y , (η

i
y )t = (η

i
t )y , i = 1, 2, ...,N

lead to the set of equations

w ir i = aiq
i , w iηi = biq

i + qir i ,

where we denote

ai =
v ir i
pi
, bi =

v i
ηi
− pir i
pi

.

w ir j = aij (w
j − w i ), w iηj = bij (w

j − w i ) + aijqj ,

qir j = cij (w
j − w i )− aijqi , qiηj = dij (w

j − w i ) + cijqj − bijqi ,
where we denote

aij =
v ir j

v j − v i , bij =
v i

ηj
− aijpj

v j − v i , cij =
pir j+aijp

i

v j − v i , dij =
pi

ηj
+bijpi − cijpj

v j − v i .
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Integrability Conditions I

The list of integrability conditions for every pair of distinct indices is

ai ,r j = 0, aij ,r i = aijaji + aicij ;

ai ,ηj = 0, bij ,r i = bijaji + aijcji + aidij ;

bi ,r j = 2aijaji + 2aicij ,

aij ,ηi = aijbji − cijaji + bicij + cij ,r i ;
bi ,ηj = 2aijcji + 2bijaji + 2aidij ,

bij ,ηi = bijbji + aijdji − dijaji − cijcji + bidij + dij ,r i ;

aij ,r j = bjaij − ajbij − a2ij , aij ,ηj = bij ,r j ;

cij ,r j = bjcij − ajdij − 2aijcij , cij ,ηj = dij ,r j .
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Integrability Conditions II

The list of integrability conditions for every triad of distinct indices is

aij ,r k = aijajk + aikakj − aijaik .

aij ,ηk = aijbjk + aikckj + bikakj − aijbik ,
bij ,r k = bijajk + aikbkj + aijcjk − aikbij .

bij ,ηk = aijdjk + aikdkj + bijbjk + bikbkj − bijbik .

cij ,r k = cijajk + cikakj − cijaik − cikaij .

cij ,ηk = cijbjk + cikckj + dikakj − aijdik − cijbik ,
dij ,r k = dijajk + cijcjk + cikbkj − aikdij − cikbij .

dij ,ηk = cijdjk + cikdkj + dijbjk + dikbkj − bijdik − bikdij .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 36 / 43



Commuting Flows

The block-diagonal system

r it = v
i r ix + p

iηix , ηit = v
iηix ,

where

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi , p
i =

1
ui

(
∑
m 6=i

εmi,ηi (v
m − v i )um + (ξ i )′

)
,

possesses infinitely many commuting block-diagonal flows

r iy = w
i r ix + q

iηix , ηiy = w
iηix ,

where

w i =
1
ui

N

∑
m=1

ϕmβmi , qi =
1
ui

(
∑
m 6=i

εmi,ηi (w
m − w i )um − r iµi + ϕi,ηi

)
.

Here µi (ηi ) are N arbitrary functions of one variable and the functions
ϕi (η1, . . . , ηN ) satisfy the relations ∂ηk ϕi = εkiµk , k 6= i . The general
commuting flow depends on 2N arbitrary functions of one variable: N
functions µi (ηi ), plus extra N functions coming from ϕi .Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 20 October 2021 37 / 43



Conservation Laws

Conservation laws ht = gx provide an alternative way to derive
integrability conditions for the block-diagonal system

r it = v
i r ix + p

iηix , ηit = v
iηix .

Their existence leads to a system of second-order linear PDEs

hr i r i = bihr i − aihηi , hr i ηj = ajihηj + cjihr j + bijhr i ,

hr i r j = aijhr i + ajihr j , hηi ηj = dijhr i + djihr j + bijhηi + bjihηj ,

where gr i = v
ihr i , gηi = p

ihr i + v
ihηi .

The general conservation law has the form (σi (ηi ) are arbitrary functions)(
N

∑
m=1

umψm(η) +
N

∑
m=1

σm(ηm)

)
t

=

(
N

∑
m=1

umvmψm(η) +
N

∑
m=1

τm(ηm)

)
x

,

where (τi )′ = (σi )′ξ i and ψi
,ηk
= (σj )′εik , k 6= i . This general

conservation law depends on 2N arbitrary functions of one variable: N
functions σi (ηi ), plus extra N functions coming from ψi .
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Tsarev’s Generalised Hodograph Method

If the hydrodynamic type system ut = V (u)ux has a commuting flow
uy = W (u)ux , where V (u) and W (u) are N ×N matrices (the
commutativity conditions uty = uyt impose differential constraints on V
and W ),

then the matrix relation

W (u) = I x + V (u) t,

where I is the N ×N identity matrix, defines an implicit solution u(x , t).
Note that, due to the commutativity conditions, only N out of the above
N2 relations will be functionally independent. For commuting
block-diagonal systems

r it = v
i r ix + p

iηix , ηit = v
iηix ,

r iy = w
i r ix + q

iηix , ηiy = w
iηix ,

the hodograph formula becomes

w i (r , η) = x + v i (r , η) t, qi (r , η) = pi (r , η) t,

which is a system of 2N implicit relations for the 2N dependent variables.
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Tsarev’s Generalised Hodograph Method

Denote βik the matrix elements of β̂ (indices i and k are allowed to
coincide). Then we obtain the following formulae for ui , v i and pi :

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi , p
i =

1
ui

(
∑
m 6=i

εmi,ηi (v
m − v i )um + (ξ i )′

)
.

Then the general solution of the block-diagonal system

r it = v
i r ix + p

iηix ,
ηit = v

iηix ,

is determined by

r i =
ϕi
,ηi
− (ξ i )′ t
µi

, ϕi (η1, . . . , ηN ) = x + ξ i (ηi ) t;

where µi (ηi ) are arbitrary functions of their arguments and the functions
ϕi (η1, . . . , ηN ) satisfy the relations ϕi

,ηk
= εki (ηi , ηk ) µk (ηk ), i 6= k. The

last N above equations define ηi (x , t) as implicit functions of x and t;
then the first N equations define r i (x , t) explicitly.
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Block-Diagonal Hydrodynamic Type Systems and WDVV
Associativity Equations

Let us recall: if all components of a Haantjes tensor

H ijk = N
i
prV

p
j V

r
k −N

p
jrV

i
pV

r
k −N

p
rkV

i
pV

r
j +N

p
jkV

i
r V

r
p

vanish,

but not all characteristic velocities µk are pairwise distinct, then
corresponding hydrodynamic type system

uit = V
i
k (u)u

k
x

cannot be diagonalised, i.e. cannot be rewritten in the Riemann
invariants

r it = µi (r)r ix .

The Statement: If a hydrodynamic type system is integrable by Tsarev’s
Generalised Hodograph Method, then all components of a Haantjes tensor
vanish. Then this hydrodynamic type system can be reduced to a
block-diagonal structure by an appropriate invertible point transformation
ũk (u).
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Block-Diagonal Hydrodynamic Type Systems and WDVV
Associativity Equations

B.A. Dubrovin considered remarkable WDVV associativity equations,
whose solutions determine families (primary flows) of commuting
Hamiltonian Egorov hydrodynamic type systems integrable by Tsarev’s
Generalised Hodograph Method.

Most of his attention was concentrated
on diagonalisable hydrodynamic type systems.
Our Claim is: Dubrovin’s Program can be easily extended to a
non-diagonalisable case due to existence of a special coordinate system,
where velocity matrices can be reduced to a block-diagonal form.
For instance, in the three-component case, one has three options: three
distinct characteristic velocities; two distinct characteristic velocities; one
common characteristic velocity. In the four-component case, we have
already five options: four distinct characteristic velocities; one Jordan
block 2x2 and three distinct characteristic velocities; two Jordan blocks
2x2 and two distinct characteristic velocities; one Jordan block 3x3 and
two distinct characteristic velocities; one Jordan block 4x4 and one
common characteristic velocity only.
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