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Ïîñòàíîâêà çàäà÷è
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Öåïî÷êè Áîãîÿâëåíñêîãî

Öåïî÷êà Áîãîÿâëåíñêîãî ïîðÿäêà r, r ∈ N, èìååò âèä

u′j = uj(uj+r + · · ·+ uj+1 − uj−1 − · · · − uj−r), j ∈ Z, (BLr)

ãäå uj = uj(t) ∈ R, u′ = du/dt.

r = 1 (öåïî÷êà Âîëüòåððû): Ìàíàêîâ 1974, Kac & van Moerbeke 1975

r > 1: Narita 1982, Itoh 1987, Áîãîÿâëåíñêèé 1988, 1991

Ýêîëîãè÷åñêàÿ èíòåðïðåòàöèÿ � ìîäåëü ¾õèùíèêè�æåðòâû¿

Ïåðåìåííàÿ uj � ÷èñëåííîñòü âèäà j â ïîäõîäÿùèõ åäèíèöàõ.

Âèä j ïèòàåòñÿ âèäàìè j + 1, . . . , j + r è, ñîîòâåòñòâåííî, ñëóæèò ïèùåé
äëÿ âèäîâ j − r, . . . , j − 1.

Öåïî÷êè ñ r > 1 èíîãäà íàçûâàþò ¾ãîëîäíûìè öåïî÷êàìè Âîëüòåððû¿.
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Ñòàöèîíàðíûå ðåøåíèÿ

Ïîëîæåíèÿ ðàâíîâåñèÿ îïðåäåëÿþòñÿ ëèíåéíûì ðàçíîñòíûì óðàâíåíèåì

uj+r + · · ·+ uj+1 − uj−1 − · · · − uj−r = 0.

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ðàâåí

q2r + · · ·+ qr+1 − qr−1 − · · · − 1 = (qr+1 − 1)(qr − 1)/(q − 1).

Îáùåå ñòàöèîíàðíîå ðåøåíèå åñòü ñóììà äâóõ ïðîèçâîëüíûõ ïîñòîÿííûõ
ïåðèîäè÷åñêèõ ïîñëåäîâàòåëüíîñòåé aj = aj+r è bj = bj+r+1:

u = (a1, . . . , ar) + (b1, . . . , br+1)
def⇐⇒ uj = aj mod r + bj mod (r+1).

Ýòî ïîñëåäîâàòåëüíîñòü ñ ïåðèîäîì r(r + 1), íî íå îáùåãî âèäà. Âñåãî
èìååòñÿ 2r ïàðàìåòðîâ, à ñ ó÷åòîì ñêåéëèíãà 2r − 1.

Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî åñëè âñå uj > 0, òî
òàêîå ðåøåíèå óñòîé÷èâî îòíîñèòåëüíî ìàëûõ âîçìóùåíèé, íå
îáÿçàòåëüíî ïåðèîäè÷åñêèõ.
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Îáðûâ öåïî÷êè

Âîçüìåì â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ ïîëîæèòåëüíîå ñòàöèîíàðíîå
ðåøåíèå ïðè j > 0, à ïðè j ≤ 0 ïîëîæèì

· · · = u−2(t) = u−1(t) = u0(t) = 0.

Ýòî îãðàíè÷èâàåò öåïî÷êó íà ïîëóïðÿìóþ, íî ðàâíîâåñèå òåðÿåòñÿ. Êàê
áóäåò ýâîëþöèîíèðîâàòü, íàïðèìåð, òàêîå íà÷àëüíîå óñëîâèå?

20 40 60 80 100
j0

1

2

3

4
u

t= 0

r = 1
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(òî åñòü, uodd = 1, ueven = 3)

Ìû áóäåì ðàññìàòðèâàòü îáðûâû äëÿ òî÷íûõ ñòàöèîíàðíûõ
ðåøåíèé. Ìàëûå âîçìóùåíèÿ íå ìåíÿþò îáùåå ïîâåäåíèå.
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Ïîâåäåíèå ðåøåíèÿ ïðè t > 0

Ó u1 âðàãè èñ÷åçëè, à ïèùà îñòàëàñü. ßñíî, ÷òî u1 áóäåò áûñòðî ðàñòè è
ïîæèðàòü u2, â ðåçóëüòàòå u3 íà÷í¼ò ðàñòè, è òàê äàëåå, ïî ïðèíöèïó
äîìèíî.
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Ïðè t = 20 ñòàðîå ïîëîæåíèå
ðàâíîâåñèÿ ðàçðóøàåòñÿ
îêîëî j = 70

uodd áóäóò æèòü ãîëîäíî, íî â áåçîïàñíîñòè, è ñòàáèëèçèðóþòñÿ íà
óðîâíå âûøå èñõîäíîãî

ueven áóäóò æèòü ñûòî, íî â ñòðàõå, è âûìðóò

Âîçíèêàåò çàäà÷à: îïðåäåëèòü íîâûé óðîâåíü uodd è ñêîðîñòü ïðîöåññà.
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Ïîâåäåíèå ðåøåíèÿ ïðè t < 0

Îòìåòèì, ÷òî â öåïî÷êå èìåþòñÿ ñèììåòðèè

(u, j, t)↔ (u,−j,−t)↔ (−u, j,−t).

Ñ ó÷¼òîì ïåðâîé èç íèõ, îáðûâ ñëåâà ïðè t < 0 ýêâèâàëåíòåí îáðûâó
ñïðàâà ïðè t > 0, ÷òî îçíà÷àåò èñ÷åçíîâåíèå ïèùè (âìåñòî âðàãîâ).
Ïîéä¼ò âûìèðàíèå (ýòîò ïðîöåññ èäåò ìåäëåííåå, ÷åì ïðè t > 0).
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×òî áóäåò, åñëè ïîìåíÿòü óðîâíè ìåñòàìè?
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Êîå-÷òî èçìåíèëîñü, â ÷àñòíîñòè, ueven òåïåðü âûìèðàþò è ïðè t > 0, è
ïðè t < 0. Íî ïðåäåëüíûå çíà÷åíèÿ òå æå, ÷òî è ðàíüøå.
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Ïðèìåð äëÿ r = 2
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Åäèíè÷íàÿ ñòóïåíüêà: uj(0) = 1, j > 0

Ðàçíîóðîâíåâûå íà÷àëüíûå óñëîâèÿ óñëîæíÿþò ïðîöåññ, íî åãî ñóòü
âèäíà óæå íà ýòîì îñíîâíîì ïðèìåðå. Ïîä ãðàôèêàìè íàïèñàíû
ïðèáëèæåííûå ïðåäåëüíûå çíà÷åíèÿ äëÿ u1+j(r+1) ïðè t→ +∞.
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Ïîñòàíîâêà çàäà÷è

Äëÿ öåïî÷êè BLr çàäàíû íà÷àëüíûå óñëîâèÿ ïðè t = 0

uj = 0, j ≤ 0, u = (a1, . . . , ar) + (b1, . . . , br+1) > 0, j > 0. (1)

Íàéòè ïðåäåëüíûå çíà÷åíèÿ uj ïðè t→ ±∞ è îïèñàòü ïåðåõîäíóþ çîíó.

Êîíöåïòóàëüíî, ýòî íàïîìèíàåò çàäà÷ó Ãóðåâè÷à�Ïèòàåâñêîãî î
ñòóïåíüêå äëÿ ÊäÔ, âáëèçè çàäíåãî êðàÿ âîëíû ñæàòèÿ. Íàøà
çàäà÷à ïðîùå, áëàãîäàðÿ îáðûâó íà ïîëóïðÿìóþ.

Ìîæíî ïîñòàâèòü çàäà÷ó è íà âñåé ïðÿìîé j ∈ Z, ñ íà÷àëüíûì
óñëîâèåì, ðàâíûì îäíîìó ñòàöèîíàðíîìó ðåøåíèþ ïðè j ≤ 0 è
äðóãîìó ïðè j > 0. Ýòîò ñëó÷àé ñëîæíåå è òðåáóåò ïðèâëå÷åíèÿ
êîíå÷íîçîííîé òåîðèè (r = 1: Âåðåùàãèí 1997).
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Ïîâèäèìîìó, èçâåñòíûé íåïðåðûâíûé ïðåäåë îò Âîëüòåððû ê ÊäÔ
(èëè åãî óñëîæíåíèå ñ ðàçáèâêîé íîìåðîâ ïî êàêîìó-òî ìîäóëþ) â
ýòèõ çàäà÷àõ ïëîõî ðàáîòàåò.
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Ðåçóëüòàòû

Ìû ïîêàæåì, ÷òî â ñëó÷àå åäèíè÷íîé ñòóïåíüêè

uj(0) = 0, j ≤ 0, uj(0) = 1, j > 0 (2)

çàäà÷à Êîøè ÿâëÿåòñÿ òî÷íî-ðåøàåìîé, â òîì ñìûñëå, ÷òî ôóíêöèè
u1(t), . . . , ur(t) îïðåäåëÿþòñÿ òî÷íî.

Èìåííî, ýòè ôóíêöèè � ðàöèîíàëüíûå âûðàæåíèÿ îò îáîáù¼ííûõ
ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé òèïà rFr (ñî ñïåöèàëüíûìè
ïàðàìåòðàìè), ñëóæàùèõ ýêñïîíåíöèàëüíûìè ïðîèçâîäÿùèìè
ôóíêöèÿìè äëÿ îáîáù¼ííûõ ÷èñåë Êàòàëàíà.

Îòñþäà ìîæíî íàéòè àñèìïòîòèêó äëÿ u1(t), . . . , ur(t) è äàëåå
ðàñïðîñòðàíèòü å¼ íà âñå j > 0 (ýòî äåëî òåõíèêè è â äîêëàäå
ïðîïóùåíî).

Äëÿ áîëåå îáùèõ ðàçíîóðîâíåâûõ íà÷àëüíûõ äàííûõ (1) ðåçóëüòàòû
íå îêîí÷àòåëüíûå. Âåðîÿòíî, è â ýòîì ñëó÷àå çàäà÷à òî÷íî-ðåøàåìà.
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Ïîÿñíåíèå: ïî÷åìó äîñòàòî÷íî èñêàòü òîëüêî u1(t), . . . , ur(t)?

Îáùåå ðåøåíèå öåïî÷êè ñ îáðûâîì uj = 0, j ≤ 0, îïðåäåëÿåòñÿ ïî ýòèì
ôóíêöèÿì, òàê êàê uj ñ j > r ðåêóððåíòíî íàõîäÿòñÿ èç óðàâíåíèé
öåïî÷êè (õîòÿ, êîíå÷íî, ÿâíûå ôîðìóëû óñëîæíÿþòñÿ ñ ðîñòîì j).

Èìååòñÿ (ïî÷òè âçàèìíî-îäíîçíà÷íîå) îòîáðàæåíèå èç äèñêðåòíûõ
íà÷àëüíûõ äàííûõ ïðè t = 0 â íåïðåðûâíûå íà÷àëüíûå ôóíêöèè ïðè
j = 1, . . . , r. Ïðèìåð äëÿ r = 2:
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Âîîáùå ãîâîðÿ, ìû íå óìååì ýôôåêòèâíî âû÷èñëÿòü ýòî îòîáðàæåíèå, íî
èíîãäà, äëÿ íåêîòîðûõ êîíêðåòíûõ íà÷àëüíûõ äàííûõ, u1(t), . . . , ur(t)
óäà¼òñÿ íàéòè òî÷íî. Â òàêèõ ñëó÷àÿõ çàäà÷à Êîøè ñ÷èòàåòñÿ
òî÷íî-ðåøàåìîé.
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Âîïðîñ

Íó, è îòêóäà áåðóòñÿ ýòè òî÷íûå ôîðìóëû äëÿ ðåøåíèÿ?
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×èñëà èç íà÷àëüíûõ óñëîâèé,

ðåøåíèÿ èç ÷èñåë
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Ðÿäû Òåéëîðà

Íàâîäÿùèå ñîîáðàæåíèÿ äà¼ò åù¼ îäèí ýêñïåðèìåíò. Áóäåì ñòðîèòü
ðåøåíèå â âèäå ðÿäà

uj(t) = uj(0) + u′j(0)t+ u′′j (0)
t2

2
+ · · ·+ u

(n)
j (0)

tn

n!
+ · · ·

Ïðîèçâîäíàÿ u
(n)
j (t) âû÷èñëÿåòñÿ â ñèëó öåïî÷êè êàê íåêîòîðûé

ìíîãî÷ëåí îò uj−rn, . . . , uj+rn, ïîñëå ÷åãî îñòà¼òñÿ ïîäñòàâèòü t = 0. Ýòî
íå î÷åíü ýôôåêòèâíî, íî îêîëî 10 êîýôôèöèåíòîâ äëÿ êîíêðåòíûõ
÷èñëîâûõ íà÷àëüíûõ äàííûõ íàéòè íåñëîæíî.

¾Âîëøåáíûå¿ íà÷àëüíûå äàííûå, ïðèâîäÿùèå ê ÷åìó-òî èçâåñòíîìó, ýòî
åäèíè÷íàÿ ñòóïåíüêà

uj(0) = 0, j ≤ 0, uj(0) = 1, j > 0.

Ïðè r = 1 (öåïî÷êà Âîëüòåððû) èì îòâå÷àþò òàêèå u
(n)
1 (0), n = 0, 1, . . . :

1, 1, 1, 0, −4, −10, 15, 210, 504, −3528, −34440, . . .
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Ýòî ïîñëåäîâàòåëüíîñòü A302197 � ëîãàðèôì Ãóðâèöà ÷èñåë Êàòàëàíà,
÷òî â ïåðåâîäå ñ êîìáèíàòîðíîãî îçíà÷àåò, ÷òî

u1(t) = (log f(t))′,

ãäå f(t) � ýêñïîíåíöèàëüíàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ (EGF) äëÿ ñàìèõ
÷èñåë Êàòàëàíà cn (1, 1, 2, 5, 14, 42, . . . ). Îíà èçâåñòíà:

f(t) = c0 + c1t+ c2
t2

2!
+ · · ·+ cn

tn

n!
+ · · · = 1F1(

1
2 , 2, 4t).

Åñëè ïðîèçâîäíûå u1 äåéñòâèòåëüíî ñîâïàäàþò ñ A302197, òî ýòè äâå
ôîðìóëû äàþò ðåøåíèå íàøåé çàäà÷è (ïðè r = 1 è åäèíè÷íûõ
íà÷àëüíûõ óñëîâèÿõ).

Ïîâòîðèì âû÷èñëåíèÿ ïðè r = 2. Óâû, ïîñëåäîâàòåëüíîñòü äëÿ u
(n)
1 (0)

1, 2, 5, 10, −8, −255, −1587, −1862, 76944, . . .

îòñóòñòâóåò â OEIS. . .

Îäíàêî, ñäàâàòüñÿ ðàíî. Îêàçûâàåòñÿ, ÷òî èçâåñòíûå êîìáèíàòîðíûå
ïîñëåäîâàòåëüíîñòè âîçíèêàþò íå äëÿ ñàìèõ uj , à äëÿ òàó-ôóíêöèé
öåïî÷êè.
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Áèëèíåéíîå óðàâíåíèå

BLr ìîæíî çàïèñàòü â âèäå (T : j 7→ j + 1 � îïåðàòîð ñäâèãà)

(log uj)
′ = P (uj), P = (T r+1 − 1)(1− T−r)(T − 1)−1.

Ïîäñòàíîâêà

log uj = (T r+1 − 1)(1− T−r)(logwj−1), (T − 1)(logwj−1)
′ = uj ,

äà¼ò áèëèíåéíóþ öåïî÷êó

wj−1w
′
j − w′j−1wj = wj−r−1wj+r. (3)

Ñ ó÷¼òîì êàëèáðîâî÷íîãî ïðîèçâîëà

wj = C(t)cjw̃j , cj−r−1cj+r = cj−1cj , C(t) 6= 0, cj 6= 0,

îáðûâ íà ïîëóïðÿìóþ â ïåðåìåííûõ wj ïðèíèìàåò âèä

w−2r(t) = · · · = w−r−1(t) = 0,

w−r(t) = · · · = w0(t) = 1, w1(0) = · · · = wr(0) = 1.
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Îòìåòèì, ÷òî çàìåíó ìîæíî ñäåëàòü â íåñêîëüêî ïðèåìîâ:

u′j = uj(uj+r + · · ·+ uj+1 − uj−1 − · · · − uj−r)x uj = vj+r · · · vj =
yj+r · · · yj+1

yj−1 · · · yj−r
=

wj−r−1wj+r
wj−1wj

v′j = v2j (vj+r · · · vj+1 − vj−1 · · · vj−r) (mBLr)x vj =
yj

yj−r
=

wj−r−1wj
wj−rwj−1

y′j =
yj+r · · · yj

yj−1 · · · yj−rx yj = wj/wj−1

wj−1w
′
j − w′j−1wj = wj−r−1wj+r
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¾Ïðàâèëüíûå¿ ïåðåìåííûå � wj .

Ðåøåíèå öåïî÷êè îïðåäåëÿåòñÿ ôóíêöèÿìè w1, . . . , wr.

Äëÿ âû÷èñëåíèÿ ðÿäîâ Òåéëîðà óäîáíû ïðîìåæóòî÷íûå ïåðåìåííûå
vj èç mBLr. Äëÿ íèõ íà÷àëüíî-êðàåâûå óñëîâèÿ èìåþò âèä

v0(t) = 0, v1(0) = · · · = vr(0) = 1, vr+1(0) = u1(0),

vr+j+1(0) = vj(0)
uj+1(0)

uj(0)
, j = 1, 2, . . . ,

à w1, . . . , wr îïðåäåëÿþòñÿ ïî vj òàê:

w1 = v1, w2 = v2v1, . . . , wr = vr · · · v1

(äàëüøå ôîðìóëû ìåíÿþòñÿ, íàïðèìåð wr+1 = vr+1 · · · v2v21 = w′1).

Âåðíóòüñÿ ê ïåðåìåííûì uj ìîæíî ïî ôîðìóëàì

u1 =
w′1
w1

, u2 =
w′2
w2
− w′1

w1
, . . . uj =

w′j
wj
−

w′j−1
wj−1

=
wj−r−1wj+r

wj−1wj
, . . .
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Îáîáù¼ííûå ÷èñëà Êàòàëàíà

Ýêñïåðèìåíòàëüíûé ôàêò

w
(n)
j (0) = Crj,n ïðè r = 1, 2, . . . , j = 1, r + 1, n = 0, 1, . . . ,

ãäå

Crj,n =
j

rn+ j

(
(r + 1)n+ j − 1

n

)
=

j

(r + 1)n+ j

(
(r + 1)n+ j

n

)
.

r j\n 0 1 2 3 4 5 6 7 OEIS

1 1 1 1 2 5 14 42 132 429 . . . A000108

2 1 1 1 3 12 55 273 1428 7752 . . . A001764
2 1 2 7 30 143 728 3876 21318 . . . A006013

3 1 1 1 4 22 140 969 7084 53820 . . . A002293
2 1 2 9 52 340 2394 17710 135720 . . . A069271
3 1 3 15 91 612 4389 32890 254475 . . . A006632

4 1 1 1 5 35 285 2530 23751 231880 . . . A002294
. . .
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ó ïåðåìåííûõ u, v è w ñëåäîâàëî áû òîæå ïèñàòü çíà÷îê r, íî ýòî
íåóäîáíî. Ïðè ðàáîòå ñ öåïî÷êàìè ìû ñ÷èòàåì r ôèêñèðîâàííûì
÷èñëîì (¾ãëîáàëüíàÿ ïåðåìåííàÿ¿).

ñòàíäàðòíîãî îáîçíà÷åíèÿ äëÿ Crj,n íåò. Êðîìå òîãî, âî ìíîãèõ
ðàáîòàõ âìåñòî ïàðàìåòðà r èñïîëüçóþò r′ = r + 1.

ïåðâàÿ ñòðî÷êà, r = j = 1: ÷èñëà Êàòàëàíà (Catalan 1838)

ñòðî÷êè j = 1 ïðè r > 1: ÷èñëà Ïôàôôà�Ôóññà�Êàòàëàíà èëè
ïîñëåäîâàòåëüíîñòè Ðåíüè (Fuss 1791, Graham, Knuth & Patashnik
1990)

âñÿ òàáëèöà: Hilton & Pedersen 1991

÷èñëà îïðåäåëåíû ïðè âñåõ j, íî îáû÷íî ðàññìàòðèâàþò òîëüêî j îò
1 äî r èëè äî r + 1. Äàëüøå áóäåò ïðèìåðíî ïîíÿòíî, ïî÷åìó.
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Îäíà èç ìíîãèõ êîìáèíàòîðíûõ èíòåðïðåòàöèé:

Crj,n ðàâíî ÷èñëó ïóòåé èç òî÷êè (0, 0) â òî÷êó (rn+j, n), ëåæàùèõ
ñòðîãî íèæå ïðÿìîé j = rn, åñëè ðàçðåøåíî äâèãàòüñÿ òîëüêî íà
åäèíèöó âïðàâî èëè ââåðõ.

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
j0

1

2

3

4

5
n

A

Â òî÷êó A = (3 · 4 + 2, 4) âåä¼ò C3
2,4 = 340 ïóòåé
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Ïðèëîæåíèÿ:

Ñòàòôèçèêà, òåîðèÿ ñëó÷àéíûõ ìàòðèö. Àíñàìáëü èç n× n ìàòðèö
G, ýëåìåíòû êîòîðûõ � íåçàâèñèìûå êîìïëåêñíûå ñëó÷àéíûå ÷èñëà
ñ ãàóññîâñêèì ðàñïðåäåëåíèåì N(0, 1/n), èìååò, ïðè n→∞,
ðàâíîìåðíîå ðàñïðåäåëåíèå ñïåêòðà ïî åäèíè÷íîìó êðóãó (Ginibre
1965). Äëÿ ìàòðèö GG† ñïåêòð ïîëîæèòåëåí è ïðè n→∞
îïèñûâàåòñÿ ðàñïðåäåëåíèåì Ìàð÷åíêî�Ïàñòóðà (1967). Åãî
ìîìåíòû � ÷èñëà Êàòàëàíà. Äëÿ ïðîèçâåäåíèÿ G1 · · ·Gr(G1 · · ·Gr)†
âîçíèêàåò ðàñïðåäåëåíèå, ìîìåíòû êîòîðîãî ðàâíû ÷èñëàì
Ôóññà�Êàòàëàíà (Penson & 
Zyczkowski 2011).

Â ðàáîòàõ Kodama & Pierce 2009, Takasaki 2018 ÷èñëà Ãóðâèöà
ñâÿçûâàþòñÿ ñ áåçäèñïåðñèîííîé öåïî÷êîé Òîäû.

×èñëà Êàòàëàíà è ìíîãî÷ëåíû ×åáûøåâà:
Àðòèñåâè÷, Áû÷êîâ, À.Á.Øàáàò 2020, Áû÷êîâ, Ã.Á.Øàáàò 2021.
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Íàïîìíèì îïðåäåëåíèå îáîáùåííîãî ãèïåðãåîìåòðè÷åñêîãî ðÿäà:

pFq(a1, . . . , ap; b1, . . . , bq; z) =

∞∑
n=0

(a1)n · · · (ap)n
(b1)n · · · (bq)n

zn

n!
,

ãäå (a)0 = 1, (a)n = a(a+ 1) · · · (a+ n− 1) (âîñõîäÿùèé ôàêòîðèàë). Ïðè
p < q + 1 òàêîé ðÿä ñõîäèòñÿ ïðè âñåõ z ∈ C. Ó íàñ p = q = r.

Óòâåðæäåíèå 1. EGF äëÿ îáîáù¼ííûõ ÷èñåë Êàòàëàíà

Ïðè äàííîì r è j = 1, r + 1, EGF ïîñëåäîâàòåëüíîñòè Crj,n ðàâíà

fj(t) = Crj,0 + Crj,1t+ Crj,2
t2

2!
+ · · ·+ Crj,n

tn

n!
+ . . .

= rFr

(
j

r + 1
, . . . , 1̂, . . . ,

j + r

r + 1
;
j + 1

r
, . . . ,

j + r

r
;
(r + 1)r+1

rr
t

)
,

ãäå 1̂ îáîçíà÷àåò èñêëþ÷¼ííîå çíà÷åíèå â ïåðâîé ãðóïïå ïàðàìåòðîâ (òî
åñòü, ÷èñëèòåëè äðîáåé èçìåíÿþòñÿ îò j äî j + r ñ ïðîïóñêîì r + 1).
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Äîêàçàòåëüñòâî î÷åíü ïðîñòîå. Ïî îïðåäåëåíèþ,
ãèïåðãåîìåòðè÷åñêèé ðÿä õàðàêòåðèçóåòñÿ òåì, ÷òî åãî ïåðâûé ÷ëåí
ðàâåí 1, à îòíîøåíèå êîýôôèöèåíòîâ ïðè zn+1 è zn ðàâíî

(a1 + n) · · · (ap + n)

(b1 + n) · · · (bq + n)(n+ 1)
.

Ïåðâûé ÷ëåí â ðÿäå fj ðàâåí 1. Îòíîøåíèå êîýôôèöèåíòîâ ïðè tn+1 è tn,
ñîãëàñíî ôîðìóëå äëÿ Crj,n, ðàâíî

Crj,n+1

Crj,n(n+ 1)
=

((r + 1)n+ j) · · · ((r + 1)n+ j + r)

(rn+ j + 1) · · · (rn+ j + r)(n+ 1)2

=
( j
r+1 + n) · · · ( j+rr+1 + n)

( j+1
r + n) · · · ( j+rr + n)(n+ 1)2

· (r + 1)r+1

rr
.

Â ÷èñëèòåëå îäíà èç ñêîáîê ñîêðàùàåòñÿ ñ (n+ 1) è ìû ïðèõîäèì ê
óêàçàííîìó ãèïåðãåîìåòðè÷åñêîìó ðÿäó îò ìàñøòàáèðîâàííîé
ïåðåìåííîé z = (r + 1)r+1/rrt. �
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Íàø ýêñïåðèìåíòàëüíûé ôàêò ïîäñêàçûâàåò, ÷òî

wj = fj ïðè j = 1, r,

÷òî è äà¼ò ðåøåíèå â çàäà÷å î åäèíè÷íîé ñòóïåíüêå. Íî, ïîêà ÷òî ìû
ýòîò ôàêò íå äîêàçàëè!

Ïðè j = r + 1 èìååì

Crr+1,n = Cr1,n+1, fr+1 = f ′1, wr+1 = w′r,

òî åñòü, çíà÷åíèå j = r + 1 íå äà¼ò äîïîëíèòåëüíîé èíôîðìàöèè.

Ïðè j > r + 1 âñå òðè ôóíêöèè � EGF äëÿ Crj,n, fj è wj ïîïàðíî
ðàçëè÷íû.
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Åù¼ îäèí ïðèìåð: ÷èñëà Íàðàÿíû

Ìîæíî ïðåäïîëîæèòü, ÷òî îáðûâ áîëåå îáùèõ ñòàöèîíàðíûõ ðåøåíèé
ïðèâîäèò ê ôóíêöèÿì rFr(a, b; ct) c áîëåå îáùèìè ïàðàìåòðàìè a, b. Ýòî
îêàçûâàåòñÿ íå òàê è òî÷íûé îòâåò â ýòîé çàäà÷å äî ñèõ ïîð íå íàéäåí.

Ðàññìîòðèì ïðîñòåéøèé ñëó÷àé r = 1 ñ ìèãàþùèìè íà÷àëüíûìè
óñëîâèÿìè

u1 = u3 = u5 = · · · = 1, u2 = u4 = u6 = · · · = q > 0.

Äëÿ ïåðåìåííûõ vj (íàïîìíèì, ÷òî uj = vj+1vj) íà÷àëüíûå äàííûå ðàâíû

1, 1, q, q−1, q2, q−2, q3, q−3, . . .

Âû÷èñëÿÿ ïðîèçâîäíûå v1 â ñèëó öåïî÷êè v′j = v2j (vj+1 − vj−1) ïîëó÷àåì
ìíîãî÷ëåíû Íàðàÿíû (Bonin, Shapiro & Simion 1993):

v1(0) = 1 = N0(q), v′1(0) = 1 = N1(q), v′′1 (0) = 1 + q = N2(q),

v′′′1 (0) = 1 + 3q + q2 = N3(q), v
(4)
1 (0) = 1 + 6q + 6q2 + q3 = N4(q), . . .

Â.Ý. Àäëåð Öåïî÷êè è ×èñëà 27 îêòÿáðÿ 2021 30 / 50

https://doi.org/10.1016/0378-3758(93)90032-2


Ïðè ðàçëè÷íûõ öåëûõ q ýòî îïÿòü äà¼ò èçâåñòíûå êîìáèíàòîðíûå
ïîñëåäîâàòåëüíîñòè (q = 1 ÷èñëà Êàòàëàíà):

q = 2 : A001003, q = 3 : A007564, . . . q = 11 : A082173,

a êîýôôèöèåíòû ïî q îáðàçóþò òðåóãîëüíèê ÷èñåë Íàðàÿíû A001263 (áåç
íà÷àëüíîãî ÷ëåíà N0)

1
1 1
1 3 1
1 6 6 1
1 10 20 10 1
1 15 50 50 15 1
1 21 105 175 105 21 1

Nn,k =
1

k

(
n− 1

k − 1

)(
n

k − 1

)

Â ýòîì ñëó÷àå EGF îêàçûâàåòñÿ òàêîé:

f(t) = w1(t) = 1 +

∫ t

0
1F1

(
3
2 , 3, 4cx

)
e(c−1)

2x dx, c2 = q. (4)

Ïðè c = 1 ýòî ñîâïàäàåò ñî ñòàðîé ôîðìóëîé f = 1F1(
1
2 , 2, 4t).
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Èòàê,

äëÿ íåêîòîðûõ íà÷àëüíûõ óñëîâèé ôóíêöèè w1, . . . , wr ñîâïàäàþò ñ EGF
êàêèõ-òî èçâåñòíûõ ïîñëåäîâàòåëüíîñòåé è äîïóñêàþò çàìêíóòîå
âûðàæåíèå.

Ýòî äà¼ò ðåøåíèå çàäà÷è � ïðè óñëîâèè, ÷òî ìû ìîæåì îáîñíîâàòü ýòî
ñîâïàäåíèå äëÿ âñåãî ðÿäà, à íå òîëüêî íåñêîëüêèõ ïåðâûõ
êîýôôèöèåíòîâ.

Åñòü äâà ñïîñîáà ýòî äåëàòü.
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Äåòåðìèíàíòíûå ôîðìóëû
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Ñëó÷àé r = 1. Ïðåîáðàçîâàíèå Õàíêåëÿ

Óòâåðæäåíèå 2

Îáùåå ðåøåíèå áèëèíåéíîé öåïî÷êè íà ïîëóïðÿìîé j > 0,

wj−1w
′
j − w′j−1wj = wj−2wj+1, w−1 = w0 = 1,

èìååò âèä

w1 = f, w2 = f ′, w3 =

∣∣∣∣f f ′

f ′ f ′′

∣∣∣∣ , w4 =

∣∣∣∣f ′ f ′′

f ′′ f ′′′

∣∣∣∣ , . . .

w2k+1 =

∣∣∣∣∣∣
f . . . f (k)

. . . . . . . . .
f (k) . . . f (2k)

∣∣∣∣∣∣ , w2k+2 =

∣∣∣∣∣∣
f ′ . . . f (k+1)

. . . . . . . . .
f (k+1) . . . f (2k+1)

∣∣∣∣∣∣ , . . . ,

ãäå f = f(t) ïðîèçâîëüíàÿ ãëàäêàÿ ôóíêöèÿ.

Åñëè f � ìíîãî÷ëåí, òî öåïî÷êà îáðûâàåòñÿ íóëÿìè íà êîíå÷íûé
îòðåçîê, íî òàêèå ðåøåíèÿ ìû íå ðàññìàòðèâàåì.
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Óòâåðæäåíèå 3

×èñëà Êàòàëàíà cn = C1
1,n (1, 1, 2, 5, 14, 42, 132, 429, . . . ) óäîâëåòâîðÿþò

ðàâåíñòâàì (è îäíîçíà÷íî îïðåäåëÿþòñÿ èìè)

c0 = c1 =

∣∣∣∣c0 c1
c1 c2

∣∣∣∣ = ∣∣∣∣c1 c2
c2 c3

∣∣∣∣ = . . .

=

∣∣∣∣∣∣
c0 . . . ck
. . . . . . . . .
ck . . . c2k

∣∣∣∣∣∣ =
∣∣∣∣∣∣
c1 . . . ck+1

. . . . . . . . .
ck+1 . . . c2k+1

∣∣∣∣∣∣ = · · · = 1.

Óòâåðæäåíèå 4

Ðåøåíèå áèëèíåéíîé öåïî÷êè, ïîñòðîåííîå ïî EGF

f(t) = c0 + c1t+ c2
t2

2!
+ · · ·+ cn

tn

n!
+ · · · = 1F1(

1
2 , 2, 4t)

óäîâëåòâîðÿåò íà÷àëüíûì äàííûì wj(0) = 1 ïðè âñåõ j ≥ −1.

Ôóíêöèè uj =
wj−2wj+1

wj−1wj
äàþò ðåøåíèå öåïî÷êè Âîëüòåððû ñ íà÷àëüíûì

óñëîâèåì u0 = 0, uj(0) = 1, j > 0.
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Äîêàçàòåëüñòâî Óòâ. 2 ëåãêî ñëåäóåò èç òîæäåñòâà ßêîáè äëÿ
âðîíñêèàíîâ

W (A, b)
d

dt
W (A, c)− d

dt
W (A, b)W (A, c) = W (A)W (A, b, c),

ãäå A � ïîñëåäîâàòåëüíîñòü ôóíêöèé, âîçìîæíî, ïóñòàÿ.

Óòâ. 3 õîðîøî èçâåñòíî â êîìáèíàòîðèêå, ñì. íàïð. Stanley,
Enumerative combinatorics, vol. 2, 1999, Aigner 1999, Layman 2001.

Óòâ. 4 (Àäëåð, Øàáàò 2018) ñëåäóåò èç Óòâ. 1, 2 è 3; íàîáîðîò, åñëè
ìû íàéäåì f(t) êàêèì-òî äðóãèì ìåòîäîì, òî Óòâ. 3 áóäåò ñëåäîâàòü
èç Óòâ. 1, 2 è 4:

3
1,2⇐⇒ 4
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Ïåðåõîä îò ïîñëåäîâàòåëüíîñòè a0, a1, . . . ê äåòåðìèíàíòàì

a0,

∣∣∣∣a0 a1
a1 a2

∣∣∣∣ , . . . ,

∣∣∣∣∣∣
a0 . . . ak
. . . . . . . . .
ak . . . a2k

∣∣∣∣∣∣ , . . .

íàçûâàåòñÿ ïðåîáðàçîâàíèåì Õàíêåëÿ. Óòâ. 3 ìîæíî ñôîðìóëèðîâàòü
òàê: ïðåîáðàçîâàíèÿ Õàíêåëÿ äëÿ ÷èñåë Êàòàëàíà è äëÿ ÷èñåë
Êàòàëàíà áåç ïåðâîãî ÷ëåíà ðàâíû åäèíè÷íûì ïîñëåäîâàòåëüíîñòÿì.

Îòîáðàæåíèå ïîñëåäîâàòåëüíîñòåé a→ b

b0 = a0, b1 = a1, b2 =

∣∣∣∣a0 a1
a1 a2

∣∣∣∣ , b3 =

∣∣∣∣a1 a2
a2 a3

∣∣∣∣ , . . .

b2k =

∣∣∣∣∣∣
a0 . . . ak
. . . . . . . . .
ak . . . a2k

∣∣∣∣∣∣ , b2k+1 =

∣∣∣∣∣∣
a1 . . . ak+1

. . . . . . . . .
ak+1 . . . a2k+1

∣∣∣∣∣∣ , . . .

ÿâëÿåòñÿ îáðàòèìûì, ïðè óñëîâèè, ÷òî âñå bj 6= 0. Óòâ. 3 îçíà÷àåò,
÷òî ÷èñëà Êàòàëàíà � ïðîîáðàç åäèíè÷íîé ïîñëåäîâàòåëüíîñòè ïðè
ýòîì îòîáðàæåíèè.
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Ñëó÷àé r > 1. Îáîáù¼ííîå ïðåîáðàçîâàíèå Õàíêåëÿ

Óòâåðæäåíèå 2′

Îáùåå ðåøåíèå áèëèíåéíîé öåïî÷êè íà ïîëóïðÿìîé j > 0,

wj−1w
′
j − w′j−1wj = wj−r−1wj+r, w−r = · · · = w0 = 1,

èìååò âèä

wj = det
(
f
(b i+k−1

r c+n)
1+(i+k−1) mod r

) ∣∣∣m
k,n=0

ïðè j = i+m(r + 1), i = 1, r + 1,

ãäå f1, . . . , fr ïðîèçâîëüíûå ãëàäêèå ôóíêöèè îò t.

Ïðåäïîëàãàåòñÿ, ÷òî âñå îïðåäåëèòåëè íå îáðàùàþòñÿ òîæäåñòâåííî â 0 .
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Ïîíÿòü ïðèíöèï ôîðìèðîâàíèÿ îïðåäåëèòåëåé ïðîùå âñåãî íà ïðèìåðàõ.
Ïðè r = 1 ýòî îïðåäåëèòåëè Õàíêåëÿ, êîòîðûå ìû óæå âèäåëè. Ïðè r = 3
âûïèñûâàåì ïîñëåäîâàòåëüíîñòü

f1, f2, f3, f ′1, f ′2, f ′3, f ′′1 , f ′′2 , f ′′3 , f ′′′1 , f ′′′2 , f ′′′3 , . . . (5)

è ñòðîèì âðîíñêèàíû ãðóïïàìè ïî r + 1 = 4, ñ ïîä÷¼ðêíóòûìè
ýëåìåíòàìè â ëåâîì âåðõíåì óãëó:

w1 = f1, w2 = f2, w3 = f3, w4 = f ′1,

w5 =

∣∣∣∣f1 f2
f ′1 f ′2

∣∣∣∣ , w6 =

∣∣∣∣f2 f3
f ′2 f ′3

∣∣∣∣ , w7 =

∣∣∣∣f3 f ′1
f ′3 f ′′1

∣∣∣∣ , w8 =

∣∣∣∣f ′1 f ′2
f ′′1 f ′′2

∣∣∣∣ ,
w9 =

∣∣∣∣∣∣
f1 f2 f3
f ′1 f ′2 f ′3
f ′′1 f ′′2 f ′′3

∣∣∣∣∣∣ , w10 =

∣∣∣∣∣∣
f2 f3 f ′1
f ′2 f ′3 f ′′1
f ′′2 f ′′3 f ′′′1

∣∣∣∣∣∣ , w11 =

∣∣∣∣∣∣
f3 f ′1 f ′2
f ′3 f ′′1 f ′′2
f ′′3 f ′′′1 f ′′′2

∣∣∣∣∣∣ , w12 =

∣∣∣∣∣∣
f ′1 f ′2 f ′3
f ′′1 f ′′2 f ′′3
f ′′′1 f ′′′2 f ′′′3

∣∣∣∣∣∣
è òàê äàëåå.

Îáðàòèì âíèìàíèå, ÷òî ïðè ýòîì ýëåìåíòû â ïðàâîì íèæíåì óãëó
îáðàçóþò èñõîäíóþ ïîñëåäîâàòåëüíîñòü (5), à äîïîëíèòåëüíûå ê íèì
ìèíîðû � ýòî âðîíñêèàíû èç ïðåäûäóùåé ãðóïïû. Ïîýòîìó, åñëè âñå
wj 6= 0, òî ïðåîáðàçîâàíèå îò (5) ê ïîñëåäîâàòåëüíîñòè wj îáðàòèìî.
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Óòâåðæäåíèå 3′

Îáîáùåííûå ÷èñëà Êàòàëàíà Crj,n óäîâëåòâîðÿþò ðàâåíñòâàì (è
îäíîçíà÷íî îïðåäåëÿþòñÿ èìè)

det
(
Cr

1+(i+k−1) mod r, b i+k−1
r c+n

) ∣∣∣m
k,n=0

= 1, ïðè i = 1, r + 1.

Íàïðèìåð (îïóñêàÿ âåðõíèé èíäåêñ r = 3),

1 = C1,0 = C2,0 = C3,0 = C1,1

=

∣∣∣∣C1,0 C2,0

C1,1 C2,1

∣∣∣∣ = ∣∣∣∣C2,0 C3,0

C2,1 C3,1

∣∣∣∣ = ∣∣∣∣C3,0 C1,1

C3,1 C1,2

∣∣∣∣ = ∣∣∣∣C1,1 C2,1

C1,2 C2,2

∣∣∣∣
=

∣∣∣∣∣∣
C1,0 C2,0 C3,0

C1,1 C2,1 C3,1

C1,2 C2,2 C3,2

∣∣∣∣∣∣ =
∣∣∣∣∣∣
C2,0 C3,0 C1,1

C2,1 C3,1 C1,2

C2,2 C3,2 C1,3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
C3,0 C1,1 C2,1

C3,1 C1,2 C2,2

C3,2 C1,3 C2,3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
C1,1 C2,1 C3,1

C1,2 C2,2 C3,2

C1,3 C2,3 C3,3

∣∣∣∣∣∣ = . . .

è ýòè ðàâåíñòâà îäíîçíà÷íî îïðåäåëÿþò ïîñëåäîâàòåëüíîñòü

C1,0, C2,0, C3,0, C1,1, C2,1, C3,1, C1,2, C2,2, C3,2, C1,3, C2,3, C3,3, . . .
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Óòâåðæäåíèå 4′

Ðåøåíèå áèëèíåéíîé öåïî÷êè, ïîñòðîåííîå ïî EGF f1, . . . , fr èç Óòâ. 1
óäîâëåòâîðÿåò íà÷àëüíûì äàííûì wj(0) = 1 ïðè âñåõ j ≥ −r.

Ôóíêöèè uj =
wj−r−1wj+r

wj−1wj
äàþò ðåøåíèå BLr ñ íà÷àëüíûì óñëîâèåì

u0 = 0, uj(0) = 1, j > 0.

Êàê è ðàíüøå, Óòâ. 2′ ñëåäóåò èç òîæäåñòâà ßêîáè.

Óòâ. 3′ � ÷àñòíûé ñëó÷àé òîæäåñòâ èç Krattenthaler 2010.

Êàê è ðàíüøå, Óòâ. 3′ è 4′ ýêâèâàëåíòíû ïî ìîäóëþ Óòâ. 1 è 2′:

3′
1,2′⇐⇒ 4′.
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Íåäîñòàòêè äåòåðìèíàíòíîãî ïîäõîäà

Ìû âûíóæäåíû èñïîëüçîâàòü êîìáèíàòîðíûå òîæäåñòâà, ïðèðîäó è
äîêàçàòåëüñòâà êîòîðûõ íå ïîíèìàåì.

Â ëèòåðàòóðå äîêàçàíî î÷åíü ìíîãî òîæäåñòâ òèïà Óòâ. 3′, íî íå âñå íàì
íóæíû, à íåêîòîðûõ íóæíûõ íåò.

Áûëî áû ëó÷øå íàó÷èòüñÿ ñòðîèòü ðåøåíèÿ, íå âûõîäÿ çà ðàìêè òåîðèè
èíòåãðèðóåìûõ ñèñòåì, à äåòåðìèíàíòíûå ôîðìóëû èñïîëüçîâàòü â
îáðàòíóþ ñòîðîíó, äëÿ ïîëó÷åíèÿ êîìáèíàòîðíûõ òîæäåñòâ.
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Ñèììåòðèéíûå ðåäóêöèè
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Îáùàÿ èäåÿ

Öåïî÷êó ìîæíî ïðåâðàòèòü â êîíå÷íîìåðíóþ ñèñòåìó, íàëîæèâ
êàêóþ-íèáóäü ðåäóêöèþ, ñîâìåñòíóþ ñ äèíàìèêîé. Åñëè âîçìîæíî
ïîäîáðàòü ðåäóêöèþ òàê, ÷òîáû âûïîëíÿëîñü íóæíîå íàì íà÷àëüíîå
óñëîâèå ïðè t = 0, òî ðåøåíèå ñ òàêèì íà÷àëüíûì óñëîâèåì
óäîâëåòâîðÿåò ðåäóêöèè ïðè âñåõ t.

Ñòàíäàðòíûé èñòî÷íèê ðåäóêöèé � ñòàöèîíàðíûå óðàâíåíèÿ äëÿ
ñèììåòðèé. Äåéñòâèòåëüíî, ïóñòü ut = f [u] è uτ = g[u] ñèììåòðèè, òî åñòü

[∂t, ∂τ ] = 0 ⇔ ∂t(g) = f∗(g)

(f∗ � îïåðàòîð ëèíåàðèçàöèè). Òîãäà ñòàöèîíàðíîå óðàâíåíèå g = 0
îïðåäåëÿåò èíâàðèàíòíîå ïîäìíîãîîáðàçèå:

∂t(g) = 0
∣∣
g=0

.
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r = 1: ðåäóêöèÿ äëÿ öåïî÷êè Âîëüòåððû

Äëÿ öåïî÷êè Âîëüòåððû (òî åñòü, BL1)

uj,t = uj(uj+1 − uj−1)

èìåþòñÿ ñëåäóþùèå ñèììåòðèè ïîðÿäêà íå âûøå 2 ïî ñäâèãàì:

âûñøàÿ ñèììåòðèÿ: uj,t2 = uj(T − T−1)
(
uj(uj+1 + uj + uj−1)

)
,

ñêåéëèíã: uj,τ0 = tuj,t + uj ,

ìàñòåð-ñèììåòðèÿ: uj,τ1 = tuj,t2 + uj
(
(j + 3

2 )uj+1 + uj − (j − 3
2 )uj−1

)
.

×ëåíû ñ t íåîáõîäèìû äëÿ êîììóòàòèâíîñòè ñ ∂t. Áåç íèõ,
óêîðî÷åííûå äèôôåðåíöèðîâàíèÿ ∂̃τi óäîâëåòâîðÿþò ñîîòíîøåíèÿì

[∂̃τ0 , ∂tk ] = k∂tk , [∂̃τ1 , ∂tk ] = k∂tk+1
,

òàê ÷òî ∂̃τ1 ïîðîæäàåò âûñøèå ñèììåòðèè, íà÷èíàÿ ñ ∂t1 = ∂t.
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Ñ ó÷åòîì ñäâèãà t, îáùàÿ ëèíåéíàÿ êîìáèíàöèÿ èìååò âèä

uj,τ1 − 4auj,τ0 − duj,t = 0.

Ýòî 5-òî÷å÷íîå ðàçíîñòíîå óðàâíåíèå (âêëþ÷àåò uj−2, . . . , uj+2), íî åãî
ìîæíî äâàæäû ïðîèíòåãðèðîâàòü.

Óòâåðæäåíèå 5 (Àäëåð, Øàáàò 2019)

Öåïî÷êà Âîëüòåððû ñîâìåñòíà ñî ñâÿçüþ

(qj+1 + qj)(qj + qj−1)uj − 4(aq2j + (−1)jbqj + c) = 0, (6)

ãäå qj := 2tuj + j − d.

ýòî äèñêðåòíîå óðàâíåíèå Ïåíëåâå dP34 (Grammaticos, Ramani 2014);

ñâÿçü (6) ïðåâðàùàåò öåïî÷êó Âîëüòåððû, äëÿ êàæäîé ïåðåìåííîé
uj , â ÎÄÓ ýêâèâàëåíòíîå P5 (ïðè a 6= 0) èëè P3 (ïðè a = 0);

ýòî íå î÷åíü âàæíî, òàê êàê ïðè äîïîëíèòåëüíîì îãðàíè÷åíèè íà
ïîëóïðÿìóþ Ïåíëåâå âûðîæäàåòñÿ â ãèïåðãåîìåòðèþ.
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Àëüòåðíàòèâíîå äîêàçàòåëüñòâî Óòâåðæäåíèÿ 4

Ïðè t = 0 ñâÿçü (6) ïðåâðàùàåòñÿ â ÿâíîå óðàâíåíèå

uj(0) =
4a(j − d)2 + (−1)jb(j − d) + c

4(j − d)2 − 1
. (7)

Ðåøåíèå öåïî÷êè Âîëüòåððû ñ òàêèìè ñïåöèàëüíûìè íà÷àëüíûìè
äàííûìè óäîâëåòâîðÿåò ñâÿçè (6) ïðè âñåõ t.

Ïðè âûáîðå a = 1, b = 0, d = −1/2 è c = −1/4 ïîëó÷àåì îáðûâ â íóëå è
åäèíè÷íóþ ñòóïåíüêó: u0(0) = 0, uj(0) = 1, j > 0.

Ïðè ýòîì óðàâíåíèå öåïî÷êè ïðè j = 1 ñâîäèòñÿ ê óðàâíåíèþ Ðèêêàòè

u′1 + u2
1 +

(2
t
− 4
)
u1 −

2

t
= 0, u1(0) = 1,

êîòîðîå ëèíåàðèçóåòñÿ ïîäñòàíîâêîé u1 = f ′/f :

f ′′ +
(2
t
− 4
)
f ′ − 2

t
f = 0, f(0) = 1, f ′(0) = 1,

÷òî è îïðåäåëÿåò ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ

f(t) = 1F1(
1
2 , 2, 4t).
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Îáîáùåíèå äëÿ ÷èñåë Íàðàÿíû

Ìèãàþùèå íà÷àëüíûå äàííûå u2k−1 = 1, u2k = q â ñåìåéñòâî (7) íå
ïîìåùàþòñÿ. ×òîáû èõ îáñëóæèòü, íóæíî ñäåëàòü äîïîëíèòåëüíóþ
ïîäñòàíîâêó

u2k−1u2k = yk, u2k + u2k+1 = zk,

ïðèâîäÿùóþ ê öåïî÷êå Òîäû â ïîëèíîìèàëüíîé ôîðìå (òàê íàçûâàåìûå
ïåðåìåííûå Ôëàøêè)

yk,t = yk(zk − zk−1), zk,t = yk+1 − yk.

Ïðè ýòîì ñèììåòðèè ∂t2 , ∂τ0 è ∂τ1 òàêæå ïåðåïèñûâàþòñÿ â íîâûõ
ïåðåìåííûõ, íî åù¼ ïîÿâëÿåòñÿ äîïîëíèòåëüíàÿ ñèììåòðèÿ (ñäâèã
z → z + ε):

yk,τ−1
= 0, zk,τ−1

= 1.

Åñëè äîáàâèòü å¼ â ñòàöèîíàðíîå óðàâíåíèå, ïîëó÷àåòñÿ íóæíîå
íà÷àëüíîå óñëîâèå. Îêîí÷àòåëüíî, ïðèõîäèì ê îòâåòó u1 = f ′/f , ãäå f �
EGF (4) äëÿ ìíîãî÷ëåíîâ Íàðàÿíû.
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r > 1

Ê ñîæàëåíèþ, òóò âñ¼ ïîðòèòñÿ. Ïðîáëåìà â êàòàñòðîôè÷åñêîì
óñëîæíåíèè ìàñòåð-ñèììåòðèè. Óæå ïðè r = 2 îíà íåëîêàëüíà (Zhang,
Tu, Oevel & Fuchssteiner 1991). Ôîðìàëüíî, å¼ ìîæíî çàïèñàòü, êàê
ðåçóëüòàò ïðèìåíåíèÿ îïåðàòîðà ðåêóðñèè R ê ñêåéëèíãó uj,τ0 = uj :

uj,τ1 = R(uj),

íî ñàì R î÷åíü ñëîæåí (Wang 2012):

R = uj(T − T−r)(T − 1)−1

y
r∏
i=1

(T r+1−iuj − ujT
−i)(T r−iuj − ujT

−i)−1.

Ïðàâäà, åãî ïðèìåíåíèå ê uj,t äà¼ò ëîêàëüíûå âûñøèå ñèììåòðèè, íî äëÿ
ñêåéëèíãà ýòî íå òàê.

Ïðè r = 2 åù¼ ìîæíî âûïèñàòü, ïðè ïîìîùè êîìïüþòåðà, ãðîìîçäêóþ
9-òî÷å÷íóþ ñâÿçü, è ïðîâåðèòü, ÷òî îíà äåéñòâèòåëüíî îáñëóæèâàåò
åäèíè÷íóþ ñòóïåíüêó. Íî, âûòàùèòü èç íå¼ ãèïåðãåîìåòðèþ äîâîëüíî
òðóäíî. Ïðè r = 3 âû÷èñëåíèÿ êàæóòñÿ áåçíàä¼æíûìè.
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Çàêëþ÷åíèå

Îñíîâíîå íàáëþäåíèå: íåñëîæíûå ýêñïåðèìåíòû ñ ðÿäàìè Òåéëîðà
ïðèâîäÿò ê îáíàðóæåíèþ íåîæèäàííûõ òî÷íûõ ðåøåíèé â
èíòåãðèðóåìûõ óðàâíåíèÿõ. Ýòî íå òîëüêî öåïî÷êè Áîãîÿâëåíñêîãî è íå
òîëüêî ñòóïåíüêè � òàêèõ ïðèìåðîâ íà óäèâëåíèå ìíîãî.

Íà äàííûé ìîìåíò íåïîíÿòíî, åñòü ëè êàêîå-òî îáùåå ïðîèñõîæäåíèå ó
òàêèõ ðåçóëüòàòîâ, êàê èõ ñèñòåìàòèçèðîâàòü è êàê äîêàçûâàòü. Ìû
îïèñàëè äâà ïîäõîäà, êîòîðûå, èíîãäà, ÷òî-òî ïîçâîëÿþò äåëàòü:

ñðàâíåíèå óðàâíåíèé â ïîäõîäÿùèõ ïåðåìåííûõ (òàó-ôóíêöèè) ñ
êîìáèíàòîðíûìè òîæäåñòâàìè,

ñèììåòðèéíûå êîíå÷íîìåðíûå ðåäóêöèè.
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